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If  t he  f i l t r a t i o n  r a t e  of  a s o l u t i o n  is m u c h  g r e a t e r  t h a n  the  d i f f u s i o n  r a t e  of the  d i s s o l v e d  s u b s t a n c e ,  t he  o n e -  
d i m e n s i o n a l  p r o b l e m  of  the  s o l u t i o n  and  l e a c h i n g  of  s a l t s  in  s o i l s  r e d u c e s  to the  i n t e g r a t i o n  of  a s y s t e m  of  e q u a t i o n s  of 
the  f o r m  [1] 

vCx 4.  (~Ct - -  ax(~N ~ (C .  - -  C) ~ O 

N t 4- a l N  ~ ( C .  - -  C ) =  0 ,  ( 0 . 1 )  

H e r e ,  ~ = c o n s t  i s  the  f i l t r a t i o n  r a t e ,  o- i s  the  p o r o s i t y ,  ~ >- 0, a 1 > 0 a r e  c o n s t a n t s  d e p e n d i n g  on  the  s a l i n i t y  of  
the  s o i l ,  C = C(x,  t) i s  t he  c o n c e n t r a t i o n  o f  t he  s o l u t i o n ,  N = N(x, t) i s  the  c o n t e n t  of s a l t s  in  the  so l i d  p h a s e  p e r  un i t  
v o l u m e  of  s o i l ,  C .  i s  the  l i m i t i n g  s a t u r a t i o n  c o n c e n t r a t i o n ,  x is  a c o o r d i n a t e ,  and  t i s  t i m e .  

G i v e n  c e r t a i n  a s s u m p t i o n s ,  p r o b l e m s  of s u s p e n s i o n  f low in  a p o r o u s  m e d i u m  a c c o m p a n i e d  b y  " c o l m a t a g e - s u f f o -  
s i o n "  e f f e c t s  [2] r e d u c e  to e q u a t i o n s  a n a l o g o u s  to s y s t e m  (0.1) .  

E q u a t i o n s  (0.1) c o n s t i t u t e  a q u a s i - l i n e a r  ( for  ~ ~ 0) s y s t e m  of  h y p e r b o l i c  type  wi th  two f a m i l i e s  of  c h a r a c t e r i s t i c s  

x - -  COYlSt, x - -  Pt  / (3 ~ COIISt,  

T r a n s f o r m i n g  to d i m e n s i o n l e s s  q u a n t i t i e s  

c ~  C / C . ,  n ~  N / C . ,  a ~  C : ~ Z a l a l / v  

w h e r e  l i s  a c e r t a i n  c h a r a c t e r i s t i c  l i n e a r  d i m e n s i o n ,  and  s u b s t i t u t i n g  f o r  the  i n d e p e n d e n t  v a r i a b l e s  t he  n o t a t i o n  

xl = :c / l, z 2 =  ( x - -  vt / a) / l (0.2) 

we w r i t e  (0.1) in  t he  f o r m :  

Oc on On 
0~ ~ = 0. 0m -- a (i - c) n ~. (0.3) 

We no t e  t h a t  in  [1] the  s o l u t i o n s  of  c e r t a i n  p r o b l e m s  a r e  p r e s e n t e d  f o r  s y s t e m  (0.1) w i th  o~ -- 0, 0.5 on  the  a s -  

s u m p t i o n  t h a t  t he  q u a n t i t y  ac  t c a n  b e  n e g l e c t e d .  B e l o w ,  we e x a m i n e  the  a n a l o g o u s  p r o b l e m s  w i t h o u t  t h i s  co~as t ra in t ,  
l e a v i n g  a s i d e  the  s o m e w h a t  t r i v i a l  c a s e  ~ = 0.  

1. I n f i l t r a t i o n  of  f r e s h  w a t e r  into  d r y  s a l i n e  s o i l .  
x I > 0, x 2 < 0 w i t h  t he  c o n d i t i o n s  

c ~ 0 ,  z ~ 0 ,  x ~ 0 ;  

We a s s u m e  t h a t  F(Xl) is a d i f f e r e n t i a b l e  f u n c t i o n .  

In  t h i s  c a s e  i t  i s  r e q u i r e d  to s o l v e  s y s t e m  (0.3) in  the  r e g i o n  

n = F ( z l ) ,  z l ~ 0 , ~ = 0 ,  (1.1) 

As  w i l l  be  c l e a r  f r o m  w h a t  fo l lows ,  the  s o l u t i o n s  of p r o b l e m  ( 0 , 3 - ( 1 . 1 )  w i l l  be  q u a l i t a t i v e l y  d i f f e r e n t  d e p e n d i n g  

D e t e r m i n i n g  t he  f u n c t i o n  c f r o m  the  s e c o n d  e q u a t i o n  of  s y s t e m  (0.3) 

O l n n  
a Ox2 

on w h e t h e r  o~ < 1 o r  oz ~ 1. 

a) We a s s u m e  t h a t  ~ = 1. 

l 0 ~ l n  n 0 n  

a Ox2Ox~ + Ox~ : 0 '  

and  s u b s t i t u t i n g  i t  i n to  the  f i r s t  e q u a t i o n ,  we f ind 

(1.2) 

I n t e g r a t i n g  t h i s  w i th  r e s p e c t  to  x2, we o b t a i n  
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t [ O l n n  
a Oxl §  (1.3) 

w h e r e  f l ( x l )  is an a r b i t r a r y  funct ion .  

It  is  e a s y  to s e e  that  the second  of cond i t ions  (1.1) g ives  

t a In  F (z l )  

Subs t i tu t ing  this  e x p r e s s i o n  in (1.3) and i n t e g r a t i n g  the equa t ion  ob ta ined ,  we find 
x l  

0 

H e r e , / 2 ( x 2 )  is  an  a r b i t r a r y  funct ion.  

Se t t ing  x t = 0 in (1.2), u s i n g  condi t ions  (1.1) and i n t e g r a t i n g  the e x p r e s s i o n  ob ta ined ,  we find 

nix,=0 = F (0) exp (az2), 

T h i s  m a k e s  it  p o s s i b l e  to d e t e r m i n e  the f u n c t i o n f  2 f r o m  (1.4): 

12 = [ t  - -  exp (axe)] -1 exp (ax2) 

and hence  the  unknown funct ion  n(xl ,  x 2) 

x t  x i  

~ +ex, (oS 'P 
o o 

We find the  i n s t an t aneous  d i s t r i b u t i o n  o f  the  so lu t ion  c o n c e n t r a t i o n  f r o m  Eq .  (1.2): 

xl  x t  

o o 

(1.4) 

(1.5) 

(1.6) 

Subs t i tu t ing  (0.2) into (1.5) and (1.6) and going  o v e r  to d i m e n s i o n a l  quan t i t i e s  c o m p l e t e s  the so lu t ion  of  the in i t i a l  

p h y s i c a l  p r o b l e m .  

In Fig .  1 the so l id  and dashed  l ines  r e p r e s e n t  g r a p h s  of  r e l a t i o n s  (1.5) and (1.6), r e s p e c t i v e l y ,  fo r  the c a s e  

vt  
a = i ,  �9 = - ~ -  = t, 2, 3, F ( x l ) = 5 o x I ~ ( - - 4 x l ) ,  

b) We now c o n s i d e r  the c a s e  ~ < 1. 

P r o c e e d i n g  as b e f o r e ,  we have  

(1.7) 

(1.8) 

(1.9) 

To s i m p l i f y  the c a l c u l a t i o n s  we se t  ot = 0.5; F(x l) = n o = cons t .  

On / OZl = an ~/~ (no - -  n), 

S e p a r a t i n g  v a r i a b l e s  and i n t e g r a t i n g ,  we  find 

(no'/, + ~'/,) (no'/, _ nV, ) - I  = ]~ (x2) exp  (axlnov') . 

F o r  x 1 = 0, c = 0 f r o m  the s econd  equa t ion  of  s y s t e m  (0.3) we obta in  

On x , = 0  - -  an'/~ 0X~- - -  x t = O  ' 

A f t e r  i n t e g r a t i o n  with  a l l o w a n c e  fo r  the b o u n d a r y  cond i t ion  we obta in  

nV~=ix,=0 = 1/~ax~ + no Vz , 

Set t ing  x I = 0 in (1.7) and c o m p a r i n g  with  (1.8), we d e t e r m i n e  the  funct ion  f3 :  

2 (2n0v,+-5~) 

and hence  r e w r i t e  Eq.  (1.7) in the f o r m :  

no V' -Jr" ax.~ [1  q -  e x p  ( - -  ano' Lxl)  ] / 4 
n% = n~ V~ no V' "Jr ax~ [ i  - -  e x p  ( - -  ano V~Xt) ] / 4 
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whi le  the  funct ion  c is  found f r o m  the  s e c o n d  equa t ion  of  s y s t e m  (0.3) : 

c (xl, x~)= t --  no exp (-- ano '/~ x I) {no V." -[- ctx~ [t - -  exp (-- ano 51~ Xl)] / 4} -~, 

It i s  e a s y  to s e e  tha t  

and s y s t e m  (0.3) d e g e n e r a t e s .  

such  tha t  

(1.10) 

n(O, - -  2no V ' / a ) =  0 

We a s s u m e  tha t  t h e r e  e x i s t s  a l ine  x 2 = F(x l) p a s s i n g  t h r o u g h  the p o i n t  ( O , - 2 n n l / 2  / a )  

n (xl, z~) = c (Xl, z2) = 0, (x~ = F (x~)), (1.11) 

5 ,  o tO 

. ~ ~/'e .--2 "ii 

Fig .  1 

Denot ing  by n +, c + the  func t ions  d e t e r m i n e d  by  E q s .  (1.9) and (1.10), r e s p e c t i v e l y ,  and by c , n the  unknown 
func t ions  de f ined  in the  r e g i o n  bounded  by  the c h a r a c t e r i s t i c  x 2 = - 2 n o l / 2 / a  and a l ine  x 2 = F(xl) ,  in  a c c o r d a n c e  wi th  
e x p r e s s i o n  (1.7) we h a v e  

( n - / h  = no '/` [f~ (x2) - -  exp (-- ano V~ xl)] [[~ (x~) + exp (-- ano V~ xl)] -~ , (1.12) 

R e q u i r i n g  s a t i s f a c t i o n  of the  cond i t i on  of  con t inu i ty  of the func t ion  n on  the  a b o v e - m e n t i o n e d  c h a r a c t e l : i s t i e ,  we 
ob ta in  

h (-- 2n0 V2 / a) : / a  (-- 2n0 ~ / a) : t . (1o13) 

Subs t i t u t ing  (1.12) into the  s e c o n d  equa t ion  of  s y s t e m  (0.3), we find 

no%/4" exp (-- ano%xl) ( dr4 
c=l-- a[/~+exp.(--ano%x~)] "- /i'= ~]" 

F r o m  cond i t i ons  (1.11) w r i t t e n  f o r  n - ,  c -  i t  fo l lows  tha t  the  equa t ion  of  the  unknown line can  be  w r i t t e n  in the  
f o r m :  

x 1 = - -  a-lno -V2 in/4 

w h e r e  the  func t ion  f4(%) s a t i s f i e s  the  d i f f e r e n t i a l  eq u a t i o n  

fa" [ h = ano -1/2 " 

I n t e g r a t i n g  th i s  equa t ion  wi th  a l l o w a n c e  f o r  in i t i a l  cond i t ion  (1.13),  we  find 

h ~ exp (2 ~ ax2no-V2), 

T h u s ,  the  r e q u i r e d  l ine  is  the s t r a i g h t  l ine g iven  by  the  eq u a t i o n  

x 1 ~ - -  no -V~ (2 -}- ax~no -'/~) / a 

and the  f inal  so lu t i on  of  the p r o b l e m  is w r i t t e n  in t he  f o r m :  

% c § n § --2no / a ~ x ~ O ,  xi>O 
c(xl, x~); n(x,, x2)= c-, n ' ,  --(2n0 Vz/a-~-n0x,)<x2~-2n0 ' A / a ,  x l > O  

0, 0, ~<--(2n0 '12fa+n0zl), x j > 0 ,  

F r o m  t h e s e  so lu t ions  it i s  c t e a r  tha t  in the c a s e  ~ < 1 s t a r t i n g  f r o m  a c e r t a i n  t i m e  an expand ing  s a l t - f r e e  zone  
a p p e a r s .  When o~ - 1 t h e r e  is  no such  zone ,  a l though the  s o l i d - p h a s e  s a l t  c o n t e n t  t e n d s  to z e r o  wi th  t i m e .  

2. I n f i l t r a t i o n  into a s o i l  c o n t a i n i n g  p a r t i a l l y  d i s s o l v e d  s a l t s .  At t = 0 le t  the  p o r e s  of  the  so i l  s a m p l e  con ta in  a 
s a l t  so lu t ion  of c o n c e n t r a t i o n  c o = c o n s t  < 1 and s a l t  in the  s o l i d  p h a s e  wi th  a d i s t r i b u t i o n  d e n s i t y  n o = c o a s t  > 0, and at  
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t > 0 l e t  f r e s h  w a t e r  b e g i n  to  b e  s u p p l i e d  a t  a c o n s t a n t  r a t e  a t  t h e  e n d  x I = 0 .  M o r e o v e r ,  Let t h e  t y p e  o f  s a l i n i t y  c o r r e s -  

p o n d  to t h e  c a s e  c~ = 1. In  t h e  p l a n e  o f  t h e  v a r i a b l e s  x l x  2, i n t r o d u c e d  b y  r e l a t i o n s  (0 .2) ,  t h e  p r o b l e m  is  f o r m u l a t e d  a s  
f o l l o w s :  f i nd  t h e  f u n c t i o n s  (x l ,  x 2) a n d  n ( x l ,  x2), s a t i s f y i n g  t h e  s y s t e m  

0c On On 
0~ - -  0x2 ' Ox2 =~n(i--c) (2.1) 

in  t h e  r e g i o n  x 1 > 0 ,  x 2 < x l ,  a p a r t  f r o m  the  l i n e  x 2 = 0 ,  a n d  t h e  c o n d i t i o n s  

c ~ c o ,  n =  no, z l = x 2  ( x 1 > O )  

c = O ,  x 1 = 0 ,  ~ 2 ~ 0 ,  ( 2 . 2 )  

3 ~- - 05 
~/ i~'-O 

- - i  ~ "  . . . . . . . . .  -4=? . . . .  o.2 

0 ~ s t ~  
#r 0.:6 f..,2 

F i g .  2 

T h e  f u n c t i o n  n i s  r e q u i r e d  to  b e  c o n t i n u o u s  t h r o u g h o u t  t h e  r e g i o n  o f  d e f i n i t i o n .  A s  f o l l o w s  f r o m  c o n d i t i o n s  (2.2) 
a n d  t h e  h y p e r b o l i c i t y  o f  s y s t e m  (2 .1) ,  t h e  f u n c t i o n  c w i l l  h a v e  a d i s c o n t i n u i t y  o f  t h e  f i r s t  k i n d  a l o n g  t h e  c h a r a c t e r i s t i c  

x 2 = 0 .  

W e  d e n o t e  by  c + ,  n + a n d  c - ,  n -  f u n c t i o n s  s a t i s f y i n g  s y s t e m  (2.1) a n d  d e f i n e d  in  t h e  r e g i o n s  Dl:  [0 < x z < x ~  a n d  

D2: ~x i > 0 ,  x 2 < 0 ~  r e s p e c t i v e l y .  

In  a c c o r d a n c e  w i t h  (1.2) a n d  (1.3) w e  h a v e  

t a l n n  ~ J a l n n •  (2.3) 
a axl  -~- n+~f l++-(xO'  c + - = t  a Ox~ 

In  o r d e r  to  d e t e r m i n e f i  + w e  d i f f e r e n t i a t e  a l o n g  t h e  s t r a i g h t  l i n e  x 2 = x I t h e  e q u a t i o n  n §  = n 

i 3n On -~ ] 

S u b s t i t u t i n g  in to  (2.3) a n d  k e e p i n g  in  m i n d  c o n d i t i o n s  (2 .2) ,  w e  f i n d  

] ~ * :  c o + n 0 -  i .  

L e t  c o + n 0 - 1  7 0 .  S e p a r a t i n g  t h e  v a r i a b l e s  a n d  i n t e g r a t i n g ,  f r o m  t h e  f i r s t  e q u a t i o n  o f  s y s t e m  (2.3) w e  o b t a i n  

n + (co + no - -  I - -  n*) -z = exp [(Co + n o - -  1) ax 1] / ]2* (xo.). 

T h e  f u n c t i o n  f 2  + is  f o u n d  f r o m  t h e  b o u n d a r y  c o n d i t i o n  on  t h e  l i ne  x 2 = x 1 

h § exp[(c o - ~ n  o - t )  x2] /n  o 

T h u s ,  in  t h e  r e g i o n  D 1 

,~, = ;~§ _ no (no + co - -  1) 
,~o - (t - -  co) exp [-- a (co ~ no - -  t) (~1 - -  x2)l 

(1 - -  co) (co + no - -  ~) 
c = c ~  ~ t  - n o - - ( l - - c o ) e X ~ [ - - a ( c o - b  no- - l ) ( . v l - -* :_ , ) l  " 

T h e  c o n d i t i o n  o f  c o n t i n u i t y  o f  t h e  f u n c t i o n  n on  t h e  c h a r a c t e r i s t i c  x 2 = 0 g i v e s  

On* 0n- 
n §  x~=0; Oxl - -  Oxl ' x ~ . O .  

H e n c e  a n d  f r o m  (2.3) t h e r e  f o l l o w s  

h - =  h* 
n- (e 0 + no - -  1 - -  n-) -1 -~ exp [(co + no - -  1) axl]/.f~- (x~) (2.4) 
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a n d  t h e  a r b i t r a r y  f u n c t i o n  f 2 -  m u s t  s a t i s f y  t h e  c o n d i t i o n  

h -  (0 )  = 13 § (0 )  = - -  ( i  - -  Co) / n o ,  ( 2 . 5 )  

S u b s t i t u t i n g  (2.4) in to  t h e  s e c o n d  e q u a t i o n  o f  s y s t e m  (2.3) a n d  u s i n g  c o n d i t i o n  (2 .2) ,  w e  o b t a i n  t h e  d i f f e r e n t i a l  

e q u a t i o n  

d h -  / dx2 = - -  a (b--  § 1). 

w h o s e  i n t e g r a l ,  w i t h  c o n d i t i o n  (2 .5) ,  w i l l  b e  

C o n s e q u e n t l y ,  in  r e g i o n  D 2 

t~ = PZ- " =  

h - =  (co @ no - -  l) exp (-- ax2) / no - -  d., 

no (r + no - -  1) 

'~o + [(co ~- no --  1) exp (-- axe) - -  no] exp [-- (c0 + no --  t) a x  d 

t - -  exp [-- (co -/- no - -  t) a x l ]  
c = c- = no no -- [(co =- no - -  1) exp (-- ax2) - -  no] exp [-- (co @ no --  t) ax l l "  

In  c o n c l u s i o n ,  we  p r e s e n t  t h e  s o l u t i o n  o f  p r o b l e m  {2.1),  (2.2) f o r  t h e  c a s e  n o + c o = 1: 

n = n + = no [ano (z t  - -  x,.) + t]-~ / 
c = c  ~ = t - n  + (xl, x~)~D1 r 

n = n -  = no [noax~ + exp (-- axo.)] - I  

c = c - = a n o x l [ a n o x l _ ~ _ e x p ( _ _ a z , ) l - l  j ( x l .  x~) ~ D z .  

T h e  g r a p h s  in  F ig~ 2 r e p r e s e n t  t h e  d i s t r i b u t i o n  o f  s a l t s  in t h e  s o l i d  p h a s e  ( so l i d  l i n e s )  a n d  t h e  c o n c e n t r a t i o n  o f  

g r o u n d  w a t e r  in  t h e  s o i l  l a y e r  ( d a s h e d  l i n e s )  f o r  t h e  c a s e s  a = 1, r = 0 .5 ,  1 .0,  n o = 2, c o = 0 .2 .  
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